The eigenvalues of a second order self-adjoint elliptic differential operator on Riemannian n-space R will be considered. Our purpose is to obtain asymptotic variational formulae for the eigenvalues under the topological deformations of (i) removing an z -cell {and adjoining an additional boundary condition on the boundary component thereby introduced); and (ii) attaching an z -handle, valid on a half-open interval 0 < z < z . In particular the -o formulae will exhibit the non-analytic nature of the variation. Similar variational problems for singular ordinary differential operators have been considered by the writer in [3] and [4].
Introduction.
The eigenvalues of a second order self-adjoint elliptic differential operator on Riemannian n-space R will be considered. Our purpose is to obtain asymptotic variational formulae for the eigenvalues under the topological deformations of (i) removing an z -cell {and adjoining an additional boundary condition on the boundary component thereby introduced); and (ii) attaching an z -handle, valid on a half-open interval 0 < z < z . In particular the -o formulae will exhibit the non-analytic nature of the variation. Similar variational problems for singular ordinary differential operators have been considered by the writer in [3] and [4] .
The variation of harmonic Green 1 s functions and other domain functionals on finite Riemann 2-surfaces has been considered at length by M, Schiffer and D. C. Spencer in their book [7] . This elegant theory depends on analytic function theory and most of the results are written in complex form. Our treatment depends on the theory of elliptic differential equations [2] and functional analysis, and has the advantage that the results are obtained for n > 2 and for differential equations more general than Laplace 1 s equation. Even in the case of the Laplacian operator on finite 2-surfaces, our results are not readily available in the literature.
The first theorem gives a general asymptotic variational formula, which in particular can be applied to deformations of the type (i) and (ii) above. This formula is in effect a reformulation of Green 1 s symmetric identity. to the cases (i) and (ii) we shall use some uniform asymptotic estimates for eigenfunctions which were obtained in [l] . The main results are given in theorems 3 and 5.
2. Preliminaries. Let M be an open, connected domain with compact closure in R whose boundary B consists of smooth (n-l)-dimensional closed manifolds. The latter are supposed to be homeomorphic images of the unit (n-1)-sphere in Euclidean space, with continuous unit normal vectors. We do not exclude the possibility that M is a closed Riemannian space, that is, B is void. Let A denote the Laplacian operator on M and let a: p -> a(p) denote a continuous, positive-valued function on M. Eigenvalue problems will be considered for the formally self-adjoint elliptic differential operator L defined by
The basic domain D is defined to be the set of all complex-valued functions on M which are of class C^[M], continuous on M, and zero on B 5 (the last condition being deleted in the case that B is void). The basic eigenvalue problem for L is 
LEMMA. If u€ D°, v € D° , then
, where
The-main variational formula. The asymptotic variational formula (3. 1) below is to be applied in the sequel 1 A bar over a lower case letter denotes the complex conjugate.
to the non-analytic surface deformations referred to in the introduction. The form of (3. 1) is somewhat similar to Hadamard' s classical formula [7, p. 274 ]. The latter is essentially an analytic formula, however, and is not pertinent to situations in which the basic and perturbed regions are of different topological types. THEOREM 1. Let X be an eigenvalue of the basic problem and let x be an arbitrary eigenfunction associated with \.
Let JJL be a complex number such that there exists a non-zero y € D satisfying Ly = jj.y and where 0 < 6 < 6 < 1 . Then -o However, (u,y)=(x,y) and u(p) = x(p) for p£y . Then Proof. Since the L-measure has the property ||h|j =0(4^), it follows from (4. 3) that ||y. -x. || < 6(E ) ||x. ||, where ô(£ ) = c\\i(e ), 0 < £ < £ . Theorem 1 can then be applied provided £ is on a positive interval (0,£ 1 such that 0 < 6(£ ) < 6 <1. o -o Since u. is real and y. vanishes on v , (3. 1) reduces to
Use of (4. 3), (4.6), and (4. 7) yields
The result (4. 4) then follows from (4. 5) and (4. 8).
As an example, consider the elliptic operator L = I -A , where I is the identity operator, on the unit 2-sphere. The 2 2 2 2 metric is ds = d0 + sin 0 dcp , where 0 , (p are the usual spherical polar angles. We select for q the north pole 0=0. Instead of (4. 2), the L-measure h to be used in this section is the solution of the Dirichlet problem
The following analogue of theorem 2 has been obtained by the writer by a proof similar to that in [l] . 
\z
The result (5.4) would follow if we knew that the order relation (5. 3) could be differentiated. The actual proof of (5.4) is similar to that of theorem 3 and will be omitted.
In the example at the end of section 4, if we take q and 1 q to be the north and south poles respectively, then 
